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Abstract

In this article we formulate and analyze a class of diffusion PDE models for oscillation
systems of coupled—elasticity in 2-D bounded domains. Approximate method in Green-Lindsay
formulation with thermal and diffusion relaxation times has been developed. Basic Boundary-
contact problems for isotropic inhomogeneous finite and infinite media with the inclusion of
piecewise elastic material in assumptions that surface is sufficiently smooth have been investigated.
The tools applied in this development are based on singular integral equations, Laplace transform,
the potential method, Green’s Tensors and generalized Fourier series analysis.

Keywords: Approximate method, Boundary-contact problems, coupled thermo-diffusion

1. Introduction

Many methods in the theory of non-classical thermo-elasticity require to the solution of
boundary-contact problems (BCPs). A great attention is payed to the construction of solutions in the
form that admit efficient numerical evaluation (Chumburidze, 2014; Kupradze, 1983). In this work,
a numerical approximation for the solution of BCPs for 2-D oscillation systems coupled thermo-
elastic diffusion materials (Chumburidze, 2017) with thermal and diffusion relaxation times has
been developed. In particular, the problem is investigated for isotropic piecewise inhomogeneous
elastic materials with sufficiently smooth surfaces. Solutions for the finite domain when oscillations
are not equal to the natural frequencies and for infinite domain in assumptions that solutions satisfy
of radiation conditions in infinite have been constructed.

Algorithms of numerical solution have been obtained for particular cases of boundary-
contact conditions when the couple-stresses components, displacement components, rotation, heat
flux and temperature, concentration and chemical potential are represented on the surface of Holder
class.

Throughout of paper we introduce the following notations: E° two-dimensional Euclidean
space,

x=(x;); y=(v;); j=1,2 - points of this space,

D@ is infinite domain with inclusion another elastic material D"
D@ (DW < E2D® = E*\DW) pounded by the close surface Sely)(a), >0 with outward

positive normal vector.
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Investigation of pseudo oscillation systems of generalized coupled thermo-diffusion model
for 2-D isotropic homogeneous elastic materials in the Green-Lindsay (Green, Lindsay, 1972)
formulation is presented in (Chumburidze, 2014).

Let us consider isotropic inhomogeneous elastic materials. In this case, in order of results in
publications (Chumburidze, 2016; Burchuladze, 1985) the followiglg mathematical model has been obtained:

(ur + a)Au(x, 1) + (A, + 4, — @, )graddivu + 2a,rotu; — Z}fm, gradu;,; — o,72u = T x)

i=1
(v, + B)Aus(x, 1) + 2a,rotu — 4a,u; — I, 1%u; = '3, (%) (1)
X, Au,(x, 1) — a;,Tuy — a;,, U — ¥, 1divu =T, (x)

Ny Aus (X, T) — Az TUs — Qy2,TUy — Vo, Tdivu = T's, (X)
where u=(u;uy) is a displacement vector, u3; is a characteristic of rotation, u, is a temperature
variation, us is a chemical potential,

_ (duy aua)' N (auz Bul)
rotuz = (6x2' 0x, LR ax, dx/°
Yerke = Vee (L + T47), Qo = Qe (1 + T, T) , T4 > T > 0 —constants  of relaxation, ¢, >0,u,. >
0.0, >0 3. +20: > 005200201 >0%:: >0.80 >0 k=12 gyt —ab:> D

- constants of elasticity of D™ domains (r=0,1), A is a two-dimensional Laplacian operator;

t=0+1q, 0>0 (corresponds to the general dynamical problems) (Chumburidze, 2016; Sherief,
2004),
I =(@", T3, Tar, Tsy) =(Cir, Tap, Tar, Tar, Tsy) <C*%(D™), 0 are the given vectors.
are the given vectors.
Let us construct matrices of generalized stress operators of coupled thermo-elasticity in D
domains:

|T®(ax, nt(x))|3:}£3
RO (ax,n(x)) =

2
_N(x) Z Yier
i=1

d
ng

3x2 (2)

1x5 55

Where g = 0,3;N(x) = (n,0,0),n = (n,,n,),

T (ax, n(x)) = |T}g)(6‘x, n(x))| -matrices of stress operators on the plain (Chumburidze,2014):
3x3

g 9 & &
T}J(kr) (6x; TL(X)) = ﬁ.rnj(x)a + (H'f' =it G[r.)nk(x)a—xj — (‘ur + a?’)ﬁkjm;-_;;k — 112 :
2
T}g)(ax,n(x)) = —ZQrZ o tylt)f =12 b=3;
p=1

d
Q) _ o
T (0x,n(x)) = (v + B.)6y; S~ Ale=dd

The matrices of (1) pseudo oscillation systems have the form:
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|‘I-'(1r:l - QrT2|2x2 |L(2r)‘2x1 |_}’1rTGT(ax)|2x1 |_YZTTGT(ax)|2_Xl
(3r) (47) _ 2
Foai 99 L It 0 0
(r) s Ta, Tdqz
LP0x,7) = ||y, 16 (0%, O A- — - ==
Nlr xlr
Ta Ta
|2, TG (02)| 122 0 L
HZI" NZ?‘ 5x5
Where

a2 a
L57(0x) = 8, (uy + @ )A+ (4, + p, — qr)m;g?”(ax) = L37(0x) = —2¢, X2, &jp i

L") (@x) = (v, + B)A — 4a,.), G(3x) = (9x,,0%;)

Where §;;is Kronecker’s symbol, §;j,, is Levi-Chivita’s symbol.
Therefore, (1) can be written in the form:

LO@x, DU, 7) =TOx) (3)

2. Approximate Solutions of BBCP
In our investigations, we consider BBCP of pseudo oscillation problems in assumption that

T2 are not equal to the natural frequencies in internal problems and satisfy of radiation conditions
for external problems (Chumburidze,2016, Eshkuvatov, 2009):

uj(x)zﬂ(%), auf(x]:a(%), k=12 =14,

ax;;

3. Statement problem. It is required to find regular solutions U(x) = (u, u, uy, us) with
thefollowing conditions:

vxe DM, r=0,1: LOGx, DU(x) =TT (x)

VzE€SE Ly(a),a>0: (U(2)} —{U@)} =1f(z) 4)
RO3z,n)U(z)} — RP@zn)U()} =g(2)

Where L™ (9x) — matrices of static systems ,f € C*P(S), g € C*#(S), SELp(@), 0<f<a<
1, symbols “+” and “—* signs the boundary values of functions in domains D and D©

correspondingly.
The existence and uniqueness of this solution has been proved in (Chumburidze, 2014),

(Kupradze, 1983).
4. Solution

Solution of the Problem will be found by use the formula of regular solutions
(Chumburidze, 2014), (Constanda, 2014). Take in account of boundary-contact conditions (4) we

will get: .
2U(x) = - Jq.'ic-} (x— v, 1) {R'icﬁ'u}_dys + J [Rfu}q,':u} (H—F;T]} U} d,S —Fg (), xeD@ (5)

0= 200D ROU) d,5 - [[ROO G~ y,D] W) 4,5 - F (), xeDD  (6)
206 = [,0W (x— y,0) (ROU} &8 — [, [RV0™ (x—y,9)] {0} &,5+ Fipy (9, xeD® (7)
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0= [ 2P (x—y 1) ROV} d,s - [[RD2® x~y0] W} d,S+ Fy(x), D@  (®)

Where .
Foy() = — DLR':ﬂ(x—Y}T':ﬂ(&’}d}-5+ J;[R':ﬂtﬁ':ﬂ(x— v, 0] f(3)d,S5 — J;@':ﬂ(x—mﬂ g(v)d,S

Fioy() = jn P0Gy )TV y)a,s

& ") (x — y,7)- fundamental solution of (3) system (Chumburidze,2014, JIANG, 2011). Symbol '

sign transpose of a matrix.
Allow us consider the matrices:

Hiy(x,y) = || [RP ) (x—y,1)], - (x — y,7) ” Bﬂﬂ,‘v‘x € D™ yes

And a vector of ten components: .
A6 = (3. (R0})
Then (6) and (8) to get the following form:
— 0
LH[J.](X'P]‘A’[}F]&'P'S_ F(l}(}{], VIED( :I )

LH(.,;ET,}FH[}F]:{},S =Fo) (%), vreD® 10)

Let us construct auxiliary domains D™ bounded by the closed surfaces 57 of Holder class
(Chumburidze,2016) in the following assumptions:

= — ~a [ [ = T
D cp® cp® cpl® and {x}.‘r}} €S (r=0,1) are everywhere accounted set of
i=1

points. ? f
Let us insert points: x;.‘ﬂ} € 5@ and x;.‘i} € 5™ in (9) and (10) correspondingly, then we will get:
[sH (%% 7) 20)dyS = Fy () (11)
(0 Y. (s .
[ He (272, 9) 100 d,S = Figy (2, (-1.2...) (12)

In left side of equations (11) and (12) we have scalar multiplications of *.(¥) on the accounted set
of vectors(Chumburidze,2017):
W (0 g (@ Wy Y _ g (1
(R g (:'r j ’T)‘ o (:'F X ‘T))J(RD‘PP (:'r ; ’T)‘ o {}' ; ‘T))‘ (13)
(p=15j=12,.).y€S

And on the right side of same equations (11) and (12) we have vectors which are known.
Let us consider accounted set of vectors:

(74 x}.,}r)}:zl,k =TI0 (14)

Where
, Hp (2", y),if k=15
H% (x;,y) = o (15)
He(x",v).if k= &10;
Allow us make numbering of elements in (14) by the following form:
[ (1. _ k=1
0" = H% (2400 11 ¥) L = K = 10 [ﬁ] (16)

The next theorem is proved there:
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Theorem. Accounted set of vectors {:p':”]' [}r]} _..1s linearly independent and full in the space L,(s)

n=1
Proof:
Let us define the constants a,(n=1,..,N) from the conditions of minimization Mean-squared norm:

h) - ez 2™ O] ) = min (17)

So, a,, are sought by the solution the system:

M
z a, J( (q}ﬂn:" q}(k:‘j ds = j (}__’ q}(k]de’ k=1,..N.
n=1 g B

where N is any number. In order (16) we have:

N
Z a, J'(tP':”}, :P':k:']ds = Jﬂ(l, j2 L [x[':kw}fm]r}’)) ds,k=1,N
n=1 £ 5

However accordingly (11), (12) and (15) we have:
JH':"} x,y) My)d,S = Fi(x;), k= TI0.

k)
Hence a,should be sought from the following system:

Xi=12, Jrg(cpm}’ ‘Pl‘k}jds = Flk(x[l:ma} /10] )r k=1,..N (I8)
Take in account the property of linearly dependent vectors we can discuss that (18) system
is uniquely solvable(Chumburidze,2016) .
Allow us construct the following vectors:

(_1)?"‘4‘1 N )
=5 J Hi o (%, y) Z a, HY (x40 /10,Y) d,s + F,) (19)
s k=1

We should prove that UJ,; are approximate solutions.
Indeed in order (5) and (7) we have:

20 = (_1:) r+1 {J- HI:.-«-} [::c, }F:I}L[:}Fj dyS + F.:,,.}}
s
By using Cauchy-Bunyakovski inequality (Chumburidze,2017) we have:

N
J. Hip (x,¥) (}L[y] — Z ay ) [x[,:kﬁ} J,rm],_].r)) dys
5 k=1

2 . 1/2
< {J| Hi, [x,}r]rdys} J(
5 =
Where

_|“3| Hiy (x,¥) |2 dys functions are bounded (Chumburidze, 2014 Orlando, 1985). Also according to

(17) we have:
lim j
N —hao 5

Uy

My) - Z Ak H'“:k}[x[(kw}r‘m]r 3”)

k=1

dys

clys=lil

N
my) — Z ay H% [x[likwjfm]r}’)
k=1

Therefore:
lim |U — Uy| =0

N-—=m
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5. Conclusion

Thus, approximate solutions of BBCP by using the boundary integral method and
generalized Furrier series analysis for an infinite domain with inclusion another elastic material
have been constructed.

As a result, it will be shown that same method is reliable for obtaining numerical
approximation for infinite domain with inclusion of several elastic materials.
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